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Abstract 
We extend the Dang et al. (2014) synthetic panel framework for studying poverty dynamics 

to multidimensional poverty measures. Using the case of a three-dimensional poverty index 

over two time periods we show that it is possible to produce moderate bounds on predicted 

transitions, based on household survey data for Tanzania from 2014 and 2020. The panel 

structure of the National Panel Survey (NPS) of Tanzania allows us to compare synthetic 

panel estimates to directly measured multidimensional poverty transitions. We assess two 

approaches to the estimation of multidimensional poverty transitions: one based on tracking 

transitions of the aggregate multidimensional poverty index; and a second building on 

transitions of the individual dimensions of the multidimensional poverty index. The latter 

approach, based on a Seemingly Unrelated Regression Estimation (SURE) framework, is 

shown to produce more accurate and precise transition estimates. We provide R and Stata 

codes, which can be incorporated into the standard synthetic panel code for the purpose of 

extending the analysis to multidimensional poverty. 

 

Keywords: multidimensional poverty, transitory and chronic poverty, mobility, synthetic 

panels  

JEL classification: 015, I32 
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1 Introduction  
Conventional analysis of poverty dynamics involves tracking households or individuals over 

time in order to assess changes in poverty status. From a policy perspective it is useful to be 

able to distinguish cases of ‘chronic’ poverty, where an individual or household is unable to 

escape poverty over time, from situations of ‘transitory’ poverty, where movements into and 

out of poverty are observed. When chronic poverty is widespread, policymakers might 

usefully consider interventions aimed at removing structural impediments to higher living 

standards, such as improving education levels or strengthening infrastructure access. When 

poverty is largely a transitory phenomenon, attention might be better directed to the 

establishment of a safety net that helps to prevent individuals falling back into poverty. 

Standard approaches to the study of poverty dynamics rely on longitudinal panel data. 

However, such data sources remain rare, particularly in developing country settings, due to 

their complexity and high cost. They are also often afflicted by attrition (see Dang and 

Lanjouw, 2023). As a cost-effective alternative, synthetic panel methodologies have been 

developed to study dynamics using repeated cross-sections (Deaton, 1985; Pencavel, 2007; 

Inoue, 2008; Juodis, 2018). Significant progress has been made in recent years in regard to 

extending these synthetic panel methods to the study of poverty dynamics (Dang et al., 

2014; Dang and Lanjouw, 2023).1 However, to date, synthetic panel-based studies of poverty 

dynamics have focused solely on monetary poverty indicators, leaving a gap in their 

applicability to multidimensional poverty measures. A multidimensional poverty index 

(assesses the extent to which multiple dimensions of poverty are being experienced 

simultaneously at the household level (Alkire and Foster, 2011)). Extending this approach to 

the study of dynamics using synthetic panels poses considerable analytical challenges. 

While synthetic panel-based extensions have been made to non-monetary indicators of 

wellbeing, the focus has so far been on one dimension of wellbeing at a time (see Dang and 

Lanjouw, 2016; and Foster and Rothbaum, 2015). 

This paper develops a framework for applying synthetic panels to multidimensional poverty, 

addressing both the theoretical and practical challenges of doing so. Specifically, we 

compare two approaches: (a) treating the household-level multidimensional poverty index as 

a single, aggregate welfare measure and tracking its transition over time; and (b) analysing 

the dynamics of individual multidimensional poverty index components, taking into account 

the correlation between dimensions of wellbeing. We extend the Dang et al. (2014) 

framework to incorporate continuous and multidimensional indicators using a Seemingly 

Unrelated Regression Estimation (SURE) approach. Empirical validation is provided through 

the Tanzania National Panel Survey (NPS), enabling a comparison of synthetic panel 

predictions against true panel dynamics. 

 

1 Useful summaries of both the opportunities and limitations of applying synthetic panel methods can be found 
in Herault and Jenkins (2019) and Garcés-Urzainqui, Lanjouw, and Rongen (2021). 
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1.1 Applying synthetic panels to multidimensional deprivation 

Multidimensional poverty estimates typically work with both continuous data (such as 

monetary measures of wealth, consumption, or income) and discrete data that are intended 

to capture outcomes in other dimensions of welfare, such as health and education. To date, 

unidimensional synthetic panel-based analysis of poverty dynamics has concentrated only 

on continuous outcomes. When considering the application of synthetic panels to 

multidimensional poverty involving non-monetary indicators it is important to distinguish 

between the challenges associated with (i) the non-monetary nature of at least some of the 

welfare indicators, and (ii) the multidimensional nature of the poverty measure. 

Starting with the first point (i), there are at least two different challenges to consider. First of 

all, most indicators used in conventional multidimensional poverty studies are static or 

semi-static in nature, such as educational achievement or access to improved water and 

sanitation. Thus, one needs to think through the implications of employing such indicators 

to study the dynamic nature of poverty over time; they tend not to change sharply in 

response to external shocks, such as droughts or economic crises. One way of getting 

around this problem is to shift attention to non-static variables, such as anthropometric 

indicators. These indicators are quite sensitive to changes in nutritional intake during a 

drought or similar adverse shocks. At the same time, several of these indicators are also 

continuous, as required for the standard estimation model used in synthetic panel 

applications. A second challenge to consider is that the majority of indicators currently used 

in standard multidimensional poverty measures tend to be binary or discrete in nature, such 

as out-of-school versus in school, or unemployed versus employed. As noted above, to date, 

synthetic panel models have relied on using continuous indicators as outcome indicators of 

discrete dependent variable models has not been systematically explored in the synthetic 

panel literature to date, and this is not the objective of the present study.  

Regarding the problem of multidimensionality proper (ii), there are two possible approaches, 

each of which brings its own set of issues and complications. One possibility is to treat the 

aggregate multidimensional index that combines different dimensions of wellbeing in a 

similar way to the manner in which a consumption aggregate combines different elements 

of consumption into a single welfare aggregate. Following this approach, poverty transitions 

between two surveys can be estimated using the standard synthetic panel approach, simply 

replacing income or consumption, as the outcome indicator, with the multidimensional 

poverty index or score. A second approach involves estimating the dynamic trajectory of 

each wellbeing indicator separately (e.g. who moves into and out of malnutrition?) and 

reassembling the indicators into a new multidimensional indicator in the second survey. This 

approach has the advantage of being intuitively appealing, as the changes in 

multidimensional poverty are traced back to transitions into and out of specific deprivations, 

such as malnutrition or illness, between the two surveys.  

In this paper we estimate multidimensional poverty persistence and transition across two 

periods with synthetic panels, and we apply both of the approaches outlined above. We first 
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treat the aggregate multidimensional index as a single welfare aggregate. Next, we estimate 

the dynamics of each wellbeing indicator separately, reassembling the indicators into a new 

multidimensional indicator in the subsequent period. This second approach involves 

extending the methods developed in Dang, Lanjouw, Luoto and McKenzie (DLLM) (2014) and 

Dang and Lanjouw (2023). While under the first approach we calculate the multidimensional 

poverty index or score at the household level, and then apply the DLLM method, thus losing 

information about the sub-indicators, under the second approach we model the dynamics of 

individual sub-indicators. This has obvious advantages for policy and analysis. After the 

selection of a set of suitable multidimensional welfare indicators, both approaches are then 

implemented. 

In order to assess the appeal and reliability of our method we benchmark our estimates 

against the actual dynamics of multidimensional poverty as captured in actual panel data. 

This is achieved by applying our two synthetic panel approaches to actual panel data, but 

deliberately disregarding the panel structure of those data . This then allows us to compare 

our estimates to the ‘true’ multidimensional poverty index dynamics that the panel data do in 

fact yield. We have identified the Tanzania NPS as a suitable database within which to 

anchor our analysis.2 

Implementation of the two approaches occurs in parallel. The first approach involves 

calculating the multidimensional poverty status of each household in two rounds of survey 

data, say surveys A and B. A model of this multidimensional poverty is estimated in survey A 

on the basis of time-invariant household and individual characteristics (see Dang et al., 

2014). Parameter estimates from that model are then applied to data for survey B. This 

allows us to predict,3 for each household from survey B, what its multidimensional poverty 

status was at the time of survey A. This can then be compared to the actual observed 

multidimensional poverty of each household in survey B, such that an assessment can be 

made whether the multidimensional poverty status was an ongoing experience over the two 

survey rounds, or whether it changed over time (i.e. the distinction between chronic and 

transitory multidimensional poverty). This approach involves a fairly straightforward 

application of the synthetic panel method.4 However, it has the disadvantage that it is 

difficult to assess the contribution of specific dimensions of poverty to the observed 

outcomes. 

The second approach is less straightforward, but is likely to the more attractive and 

promising one. As noted above, it permits rigorous assessment of the contribution of 

specific wellbeing dimensions/indicators to the observed transition in multidimensional 

 

2 The Tanzania National Panel Survey is a nationally representative panel survey collected by the Tanzania 
National Bureau of Statistics in association with the World Bank. Five waves of data have been collected, in 
2008/9, 2010/11, 2012/13, 2014/15, and 2020/21. The most recent wave covers a sample of 3,897 households, 
of which 3,352 form a panel with 2014/15. Additional details are given in Section 3. 
3 Or ‘post’dict: the order in time of surveys A and B is not important. 
4 Although, in this case, the continuity of the multidimensional index could be questioned, as the latter usually 
takes only a limited number of values, and it is, by construction, constrained in the [0; 1] range. 
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poverty. However, the approach involves additional complexity over the unidimensional 

case, and it is not possible to directly apply the DLLM methods5 without introducing some 

additional considerations. The key issue is that residual cross-sectional correlation of the 

poverty dimensions needs to be dealt with. Based on a limited number of continuous welfare 

indicators, we show below that applying the synthetic panel model to multidimensional 

poverty is not only possible, but also has some advantages as compared to the first 

approach where only the aggregated multidimensional poverty index is handled. 

Our method involves application of the SURE approach to describe and analyse 

multidimensional poverty index sub-indicators jointly in the cross-section and over time. We 

show that this approach is able, under certain conditions, to reveal sub-indicator dynamics in 

a manner that is analogous to the bounds on intertemporal correlation used in the standard 

DLLM application. 

Our contribution is thus twofold. First, we develop a theoretical and empirical framework to 

expand the standard DLLM methods to simultaneously take into account multiple indicators 

and transitions. Second, we compare the results of an aggregate and disaggregated 

approach to arrive at tentative recommendations about the usage of the two approaches in 

other multidimensional poverty measure settings. 

The paper proceeds as follows: in Section 2, the standard synthetic panel methodology is 

briefly described, with an overview of some of the existing applications; Section 3 outlines 

the data used in the present analysis; Section 4 expands on our theoretical and empirical 

contribution, adding details on the modifications required to the standard synthetic panel 

methodology for application to multidimensional measures. The results are set out in 

Section 5, both with respect to the component-level multidimensional poverty transitions 

and to the multidimensional poverty transitions based on an aggregated multidimensional 

poverty index; comparison between the two approaches, and advantages and 

disadvantages, are also discussed. Section 6 concludes, including setting out possible paths 

for future research and applications. 

 

5 As noted above, we employ the acronym DLLM to refer to the method described in Dang, Lanjouw, Luoto, and 
McKenzie (2014). 
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2 The standard synthetic panel methodology 
In this section, we describe the standard synthetic panel method used to analyse poverty 

dynamics using cross-sectional survey data. We begin by presenting the synthetic panels 

approach, as introduced by DLLM and Dang and Lanjouw (2023), which enables the 

construction of synthetic panel data from repeated cross-sections. For more comprehensive 

details and a formal presentation of the approach, we refer to these authors and to a recent 

review by Garcés-Urzainqui et al. (2022). Here, we provide a summary of the method.  

The DLLM method is applied to standard monetary poverty welfare aggregates, namely 

income or consumption. The aim is to estimate joint and conditional probabilities of poverty 

dynamics. For example, one might wish to know the likelihood of an individual being poor in 

survey A and non-poor in survey B – a joint probability which can be written as follows, 

denoting per capita income by 𝑦௜ and the poverty line by 𝑧:  

𝑃 (𝑦௜஺ ≤ 𝑧஺ 𝑎𝑛𝑑 𝑦௜஻ > 𝑧஻). 

Alongside evidence on joint probabilities, one might also be interested in conditional 

probabilities. For instance, one could estimate the likelihood of moving out of poverty, 

conditional on being poor initially. Such a conditional probability can be written as 

𝑃 (𝑦௜஻ > 𝑧஻ | 𝑦௜஺ ≤ 𝑧஺ ) =  
𝑃 (𝑦௜஺ ≤ 𝑧஺ 𝑎𝑛𝑑 𝑦௜஻ > 𝑧஻ )

𝑃 (𝑦௜஺ ≤ 𝑧஺ )
 

and can be computed in straightforwardly from the joint probabilities, as the right-hand side 

of the equation shows. In the absence of panel data, incomes in survey A and survey B are 

not observed for the same unit 𝑖 and one would normally not be able to estimate these 

quantities. However, the synthetic panel method draws on cross-sectional data and yields 

both upper and lower bounds for each of the four possible outcomes of the dynamic 

process, in both conditional and unconditional terms. 

The logarithm of per capita income is modelled in each survey round as a linear function of 

time-invariant household characteristics and an individual error term. Schematically: 

𝑦௜஺ = 𝛽஺
ᇱ 𝑥௜஺ + 𝜀௜஺ 

and 

𝑦௜஻ = 𝛽஻
ᇱ 𝑥௜஻ + 𝜀௜஻ . 

The basic idea of the method is to use time-invariant household characteristics 𝑥௜ to predict 

household per capita income for the year in which the actual observation is lacking. Such 

characteristics will be unchanged across the two rounds. Mostly, they will be characteristics 

of the household head, such as the year of birth, educational attainment, ethnicity or religion, 

and birth district. In addition, if the survey includes retrospective questions, these could also 

be included: for example, if the household owned a car or television at the time of the 

previous survey. 
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As data are available for each year, the coefficient vector 𝛽 is estimated on these time-

invariant explanatory variables. In practice, survey B income is typically predicted for 

households in survey A by applying the coefficient vector resulting from the survey B 

regression ( 𝛽஻ ) to the characteristics of households in survey A ( 𝑥௜஺). This prediction looks 

as follows for observations 𝑖 of survey A: 

𝑦ො௜஻ = 𝛽஻
ᇱ෢𝑥௜஺ + 𝜀௜̂஻ . 

This method for estimating bounds on poverty transition quantities is predicated on two 

important assumptions. First, one needs to assume that the underlying population from 

which the data are sampled is the same in both survey rounds. This implies that the method 

cannot be applied in cases where there are large shocks to the population: for example, if 

there was massive migration into or out of the country. More precisely, it is important that 

the income model coefficients estimated in survey A are good predictors for what the survey 

A income would have been for households included in survey B. Hence, to ensure the 

stability of the reference population, we only include households whose heads were between 

25 and 55 years old in the earlier survey round.6  

Second, it is necessary to make assumptions about the relationship between the error terms 

𝜀௜஺ and 𝜀௜஻. Specifically, the assumption is that these are, on average, positively correlated 

over time. In the presence of household fixed effects and persistent shocks, this does not 

seem to be an unreasonable assumption. Where panel data are available, the correlation 

coefficient 𝜌 can be estimated directly, and indeed Dang et al. (2014) report values between 

0.39 and 0.66 for the six countries they investigate.7 It is not necessary to make further 

assumptions about the shape of the distribution of the error terms; in that sense, the 

resulting bound estimates on poverty transitions are non-parametric. 

The upper- and lower- bound estimates for mobility derive from two extreme cases of the 

assumed relationship between the error terms. At one extreme is 𝜌 = 0, which corresponds 

to the upper-bound mobility estimate. In this scenario, the errors are uncorrelated and 

mobility, given household characteristics, will be at a maximum, both movement out of 

poverty and movement into it. Because it is assumed that errors in fact are positively 

correlated, on average the upper bound will be strictly larger than the actual mobility. 

Predicted upper-bound survey B income for household 𝑖 surveyed in round A will be: 

𝑦ො௜஻
஺௎ = 𝛽஻

ᇱ෢𝑥௜஺ + 𝜀ప̂஻
෪ , 

where 𝜀ప̂஻
෪  is a residual randomly drawn from the actual distribution of residuals resulting 

from estimating the income model on the data from the other survey. Based on the 

predictions thus obtained, one can estimate the probability of each poverty transition for 

 

6 This age range is chosen so that formation of new households and dissolution of existing households should 
be at a minimum. Moreover, it ensures that in the earlier round heads will generally have obtained their maximum 
level of education. 
7 Dang et al. estimate a value of 0.50 for Indonesia (1997-2000) and values of 0.58 – 0.66 for Vietnam (all pairs 
of 2004, 2006 and 2008) (Dang et al. 2014, p. 120). 
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each observation. Aggregating these quantities at the population level, the country-level 

poverty dynamics are obtained.8 Due to the random nature of this process, these steps are 

repeated many (say, 100) times, and averaged to obtain a robust estimate of the upper 

bound of mobility. 

At the other extreme as regards the assumed relationship between the error terms, the 

lower-bound estimates assume a perfect positive correlation between the errors: 𝜌 = 1. In 

this case, average mobility will be at its minimum. For the estimation, this means one simply 

takes the estimated survey A residual, scales it by a factor 𝛾 to equalise its variance to that 

of survey B residuals, and adds it to the fitted survey B income:9  

𝑦ො௜஻
஺௅ = 𝛽஻

ᇱ෢𝑥௜஺ + 𝛾𝜀௜̂஺. 

Analogous to the upper-bound scenario, but without the repetition, the lower-bound 

population-level poverty dynamics are estimated.10 Conditional probabilities are 

subsequently computed from the population- or subgroup-level joint probability estimates. 

Extensive validation work has been conducted in various countries over recent years, based 

on actual panel data, supporting the reliability of applying the synthetic panels method in 

contexts where longitudinal panel data are not available, and therefore offering valuable 

insights into poverty dynamics.11  

 

8 In our analysis the regressions are at the household level, taking log per capita household income as the 
dependent variable. Transition probabilities for each household are population-weighted when we aggregate, so 
that the country-level figures represent population proportions. 
9 A scaling factor 𝛾 = 𝜎ොఌ஻ 𝜎ොఌ஺⁄  is applied to adjust for the difference in error variance between the two rounds (𝜎ොఌ 
is the standard error of the residuals). 
10 Repetition is not necessary in this case because adding the scaled survey B residual for the same unit is not a 
stochastic process. 
11 See, among others, Dang and Lanjouw (2015); Dang et al. (2014b); Bierbaum and Gassmann (2012); 
Bourguignon et al. (2015); Cruces et al. (2015); and Dang and Lanjouw (2018). 
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3 Data  
The Tanzania NPSs12 are a series of nationally representative household panel surveys 

designed to collect information on a variety of topics, including consumption expenditures, 

agricultural production, non-farm income-generating activities, and numerous other 

socioeconomic characteristics. These surveys are implemented by the Tanzania National 

Bureau of Statistics. The first round took place from October 2008 to September 2009. The 

second round was conducted from October 2010 to September 2011, with specialised 

tracking teams continuing until November 2011. Similarly, the third round occurred from 

October 2012 to November 2013. The fourth round was held from October 2014 to January 

2016, and the fifth round spanned from December 2020 to January 2022. The primary 

objective of the NPS is to provide high-quality household-level data to monitor poverty 

dynamics. Indeed, as a panel household survey that revisits the same households over time, 

the NPS allows for the analysis of poverty and welfare transitions and the determinants of 

changes in living standards (National Bureau of Statistics, 2023). The NPS utilises a 

stratified, multi-stage cluster sample design, which includes four analytical strata: Dar es 

Salaam, Other Urban Areas in Mainland, Rural Areas in Mainland, and Zanzibar. 

The data used in this study consist of only two waves (wave 4 and wave 5) of the NPS. 

These correspond to the surveys undertaken in 2014/15 (wave 4) and 2020/21 (wave 5). 

These waves were selected mainly because changes in the survey design and significant 

renewal of the sample occurred in wave 4. In particular, the sample design for the NPS 

2020/21 specifically (and exclusively) targeted the sub-sample of households from the 

initial NPS 2014/15 cohort, referred to as the ‘Refresh Panel’. These households had not 

previously been included in the NPS sample design, and were thus not part of previous 

waves’ samples. This sub-sample (the abovementioned ‘Refresh Panel’) included 3,352 

households from 419 clusters in the NPS 2014/15, which were subsequently tracked and 

interviewed in the NPS 2020/21. Additionally, in the NPS 2020/21, a ‘Booster Sample’ of 545 

households from major cities and urban areas (namely Mbeya, Arusha, Mwanza, Tanga, and 

Dodoma) were interviewed, in order to enhance estimates in urban centres (National Bureau 

of Statistics, 2023). However, for our purposes, we limit our analysis to the households 

interviewed in both the NPS 2014/15 and NPS 2020/21 waves; that is, we only use the 3,352 

panel households referred to above as the ‘Refresh Panel’. 

It is important to emphasise that the present analysis aims to present a proof-of-concept; 

we are relatively less interested in descriptive richness. Rather, we are mostly guided by the 

following principles: simplicity, sparsity, interpretability, and workability. Accordingly, we 

select three welfare indicators. The first indicator considered is the body mass index (BMI) 

minus an age-specific threshold, which relates to a dimension of nutrition status. Second, 

 

12 Available at: 
https://microdata.worldbank.org/index.php/catalog/lsms/?page=1&country%5B%5D=227&ps=15&repo=lsms 
[accessed December 2024]. 



STUDYING MULTIDIMENSIONAL POVERTY DYNAMICS: CAN SYNTHETIC PANEL METHODS HELP? 

© Data & Evidence to End Extreme Poverty  9 

we apply a variable indicating whether the individual slept under a bed net (graded between 

0 and 5 for how recently the bed net was treated), which is linked to the health dimension. 

Third, we draw on years of completed education relative to expected schooling for the 

individual’s age, which pertains to the dimension of education (see Table 2 below for exact 

definitions).  

As noted in the introduction, in this paper we do not expand the synthetic panel framework 

so as to include binary wellbeing indicators – commonly used in conventional 

multidimensional poverty applications. Rather, our focus is on expanding this framework to 

simultaneously consider the dynamics of a set of wellbeing indicators, which, for simplicity, 

are constructed as being (semi-)continuous variables. The above-described individual 

wellbeing indicators are aggregated to household level as the unweighted average of 

individual scores for all household members in the applicable age group. Binary deprivation 

indicators are then defined for the household using the thresholds set out in Table 2 below.  

Table 1 shows descriptive statistics with respect to the indicators selected and to the 

variables which are used as regressors in the synthetic panel applications. In order to 

discriminate between deprived/non-deprived households in regard to the welfare indicators 

mentioned above, three thresholds, one for each indicator, were identified. For the BMI 

minus age-specific threshold, households are considered deprived if the household average 

measure lies below zero, meaning that household members are, on average, below their age-

specific thresholds. For the bed net indicator, households are deprived if the average score 

is below 2: slept under an untreated bed net or did not sleep under a bed net at all. With 

respect to the years of completed education relative to expected schooling for the 

individual’s age, households are considered deprived if members are, on average, off course 

(i.e. below their age-expected level). 

These three indicators are finally aggregated into a multidimensional poverty index by 

weighting each of them with a weight of 1/3; the multidimensional poverty cutoff is initially 

set to be equal to 0.50, which implies a household is considered multidimensionally poor if it 

is deprived in at least two out of three dimensions Table 2 summarises the description of 

the indicators, deprivation conditions, relative weights, and overall poverty cutoff. 

Table 1: Descriptive statistics 

 2015   2021   

Indicator Obs Mean Std. Err. Obs. Mean Std. Err. 

Deprivation in nutrition 2,818 3.4% 0.004 2,294 2.8% 0.004 

Deprivation in health 2,818 43.1% 0.016 2,294 38.6% 0.017 

Deprivation in education 2,818 15.6% 0.008 2,294 12.0% 0.009 

Age of head (years) 2,818 42.450 0.357 2,294 46.423 0.349 

Education of head (years) 2,818 8.890 0.185 2,294 10.170 0.212 

Female head 2,818 29.2% 0.011 2,294 28.5% 0.013 

Urban household 2,818 33.9% 0.012 2,294 29.3% 0.013 

Source: Authors’ calculations. 
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Table 2: Description of the indicators, deprivation conditions, relative weights, and overall poverty 
cutoff 

Indicator Deprivation condition Weight 
Overall deprivation 
cutoff 

Net BMI score (household members 
aged 5–49 years): BMI score minus 
age-specific threshold 

Deprived if household 
average net BMI score is 
less than zero 

1/3 

0.5 (i.e. the individual is 
considered poor from 
the multidimensional 
point of view if he or she 
lives in a household that 
is deprived in at least 
two out of three 
dimensions) 

Bed net score (all household 
members): 0 = ‘No net’; 1 = ‘Unsure’; 
2 = ‘Untreated net’; 3 = ‘Unsure if 
treated’; 4 = ‘Treated>6mths’; 5 = 
‘Treated<6mths’ 

Deprived if household 
average bed net score <2 1/3 

Education (household members 
aged 5 to 25 years): Years of 
completed education relative to 
expected schooling for the age (all 
who completed secondary have a 
score of 1 or more, regardless of 
age) 

Deprived if household 
average education score < 
1, meaning that 
individuals are, on 
average, below their age-
expected years of 
education 

1/3 
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4 Modifying the standard method to include 
multidimensional welfare indicator dynamics 

In this section we describe the modifications to the standard synthetic panel methodology 

required to apply it to multidimensional measures. We start, in sub-section 4.1, with the 

modifications required to accommodate the theoretical change introduced, i.e. 

simultaneously studying the transition dynamics of multiple indicators.13 

As described in the introduction, it is in principle possible to treat the aggregate 

multidimensional index, which combines different aspects of wellbeing, in a similar way to 

the manner in which a consumption aggregate combines different elements of consumption 

into a single welfare aggregate. Therefore, in this particular case, transition rates can then 

be estimated using the standard synthetic panel approach described in Section 2; no 

modifications are required. Nonetheless, it is also of interest to work with the uncensored 

multidimensional poverty index, or multidimensional poverty score. That is, to use the 

weighted deprivation score obtained from the application of the Alkire-Foster procedure to 

the indicators selected, without truncating the score at the value of the cutoff. This means 

that we also include in the analysis those individuals that are placed below the 

multidimensional poverty cutoff (equal to 0.50) – individuals that are not considered poor 

from the multidimensional point of view. This is because the non-censored distribution of 

the multidimensional poverty score is better behaved than its censored counterpart, and can 

be assimilated to a continuous distribution in a more straightforward way. Note that the 

synthetic panel approach was first designed to deal with consumption aggregates, and is 

therefore more suited to dealing with continuous variables than it is to dealing with 

categorical, binary, or censored ones. 

4.1 Method: synthetic panels with multiple continuous variables 

Consider a multidimensional poverty index based on 𝑘 > 1 outcome indicators, each of 

which is observed in two comparable but independent household surveys, held at two 

different points in time. We call the surveys 𝑆஺ and 𝑆஻. The order in time is unimportant. Let 

𝑎௛ be the outcome 𝑘-vector of household ℎ at the time of survey 𝑆஺ and likewise 𝑏௛ the 

outcome vector at the time of survey 𝑆஻. Our goal is to predict outcomes (unobserved) 𝑏௛ for 

households from survey 𝑆஺, so that the dynamics of outcomes can be studied despite the 

absence of panel information. 

Let 𝑥௛ be a vector of time-invariant characteristics observed in both surveys and consider 

the two SURE (system) regressions 

 

13 In the appendix, we also describe the modifications which are necessary to introduce in the 
conventional synthetic panel do-files, as made available at the following link: 
https://povertyevidence.org/resources/manual-for-the-estimation-of-a-synthetic-panel-and-
vulnerability-analysis/ [accessed December 2024]. 
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𝑎௛ = 𝐶஺𝑥௛ + 𝑢௛
஺ 

using data from households ℎ in survey 𝑆஺ and 

𝑏௛ᇱ = 𝐶஻𝑥௛ᇱ + 𝑢௛ᇱ
஻  

for households ℎ′ in survey 𝑆஻. This particular specification is the one that is best suited for 

continuous outcome indicators. For outcomes that are ‘limited dependent variables’, 

e.g. with few discrete or even binary values, other regression models are likely to be more 

appropriate. Such outcome types are outside the scope of this paper. 

Denote the regression results by coefficient matrices 𝐶መ஺, 𝐶መ஻ and estimated residual 

covariance matrices 𝐴መ and 𝐵෠ . These regressions identify coefficient matrices 𝐶஺ and 𝐶஻ as 

well as the covariance matrices 𝐴 and 𝐵 of residual vectors 𝑢௛
஺ and 𝑢௛

஻ , but the dynamics of 

residuals over time cannot be inferred by a lack of real panel information. Throughout, we 

assume that covariance matrices are non-singular, hence positive definite. 

4.2 Maximum mobility scenario with multivariate outcomes 

With synthetic panels, the actual residual dynamics are replaced by putting plausible bounds 

on residual trends. In the ‘maximum mobility’ scenario14 it is assumed that residual vectors 

𝑒௛
஺ and 𝑒௛

஻ are independent over time, so that for a household in survey 𝑆஺, residuals 𝑒௛
஺ carry 

no information about (unobserved) residuals of that household at the time of survey 𝑆஻. The 

distribution of outcomes at the time of survey 𝑆஻ therefore only depends on (observed) time 

invariant characteristics 𝑥௛ and the distribution of residuals at the time of survey 𝑆஻: 

𝑝(𝑏௛|𝑥௛, 𝑎௛; ℎ ∈ 𝑆஺) = 𝑝൫𝑏௛|𝑥௛, 𝑢௛
஺; ℎ ∈ 𝑆஺൯ = 𝑝(𝑏௛|𝑥௛). 

The conditional distribution at the right is simulated by computing 𝐶መ஻𝑥௛ + 𝑢௛ for many (say, 

100) independent draws 𝑢௛ from the regression residual tuples {𝑢ො௛
஻}. This is a 

straightforward generalisation of the non-parametric method in Dang et al. (2014, section 3). 

The parametric method (which assumes normal distribution of residuals) can be 

implemented by sampling from a multivariate normal distribution with zero mean and 

covariance matrix 𝐵෠ , as estimated in the survey 𝑆஻ regression. 

4.3 Minimum mobility scenario with multivariate outcomes 

Note that, by sampling from regression residual vectors {𝑢ො௛
஻}, any correlation between 

components of the residual vectors is automatically accounted for. The generalisation of the 

minimum mobility scenario is less straightforward. 

 

14 Although the terms maximum and minimum mobility have become customary in the synthetic panel literature, 
they may not be fully intuitive. They refer to restrictions placed on residual 𝑢௛

஻. If, regardless of 𝑢௛
஺, there are no 

restrictions other than the distribution of 𝑢௛
஻ on the simulated outcomes for households from survey 𝑆஺, then 

these outcomes are most variable and hence the corresponding households are most ‘mobile’ on a welfare 
scale. 
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For the univariate case, Dang et al. (2014) argue that (intertemporal) correlation of (in their 

case scalar) residuals 𝑢௛
஺ and 𝑢௛

஻ will be positive and therefore at most equal to 1. Unit 

correlation pinpoints 𝑢௛
஻ at 𝑢௛

஺ඥvar(𝑢஻)/var(𝑢஺) and therefore also pinpoints simulated 

outcome 𝑏௛, given 𝑥௛ and 𝐶஻. This represents the minimum mobility scenario. This method 

of adjusting residual variances for households from survey 𝑆஺ cannot be applied directly in 

the case of multivariate outcomes, because in general not only do the variances of the 

individual residual components change between surveys 𝑆஺ and 𝑆஻, but so too do the 

correlations between components of the residual vectors. 

4.4 Linear transformations of residual tuples 

Instead of scalar multiplication of residual components we propose a linear transformation, 

𝑢෤஻ = 𝑀𝑢஺, to represent the minimum mobility scenario. Here, 𝑀, as well as all matrices 

below, is a real 𝑘 × 𝑘 matrix. The transformation should be such that 𝐸𝑢෤஻(𝑢෤஻)் matches the 

residual covariance matrix from the survey 𝑆஻ regression: 

𝐸𝑢෤஻(𝑢෤஻)் = 𝐸𝑀𝑢஺(𝑢஺)்𝑀் = 𝑀𝐴𝑀் = 𝐵. 

The matrix equation 𝑀𝐴𝑀் = 𝐵 has infinitely many solutions. A criterion is needed to pick a 

good one. We propose to maximise 𝐸(𝑢஺)்𝑢෤஻ = 𝐸(𝑢஺)்𝑀𝑢஺ = tr(𝑀𝐴). This is similar (but 

not equivalent) to minimising the angle between 𝑢஺ and the residuals used for the minimum 

mobility scenario, 𝑢෤஻. Summarising, we have the following constrained optimisation 

problem: 

max 
ெ

tr(𝑀𝐴),  subject to 𝑀𝐴𝑀் − 𝐵 = 0. 

The objective function is linear in 𝑀, while the constraints are quadratic in 𝑀. Theorem 1 

below shows that a solution exists and is unique. 

Theorem 1 

Consider the maximisation problem 

max
ெ

 tr(𝑀𝐴),  subject to 𝑀𝐴𝑀் − 𝐵 = 0, 

where 𝐴 and 𝐵 are 𝑘 × 𝑘 symmetric and positive definite matrices and 𝑀 must be chosen 

from 𝑘 × 𝑘 matrices. 

(i) 𝑀 is a solution to the constraint equations 𝑀𝐴𝑀் − 𝐵 = 0 if and only if it can be 
written in the form 

𝑀 = 𝐵ଵ/ଶ𝐻𝐴ିଵ/ଶ, 

  where 𝐻 is a 𝑘 × 𝑘 orthogonal matrix 
 

(ii) A solution 𝑀 to the maximisation problem is symmetric, positive definite and unique 
 

(iii) A solution 𝑀 to the problem has the form 
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𝑀 = 𝐵ଵ/ଶ𝑒ௌ𝐴ିଵ/ଶ, 

  where 𝑆 solves the unconstrained nonlinear optimisation problem 

max
ௌ

{tr൫𝐵ଵ/ଶ𝑒ௌ𝐴ଵ/ଶ൯|𝑆 skew symmetric} 

(iv) If 𝑀 = 𝐵ଵ/ଶ𝑒ௌ𝐴ିଵ/ଶ is symmetric and positive definite for some skew-symmetric 
matrix 𝑆 then 𝑀 solves the constrained maximisation problem 

Proof 

See the appendix 

There is a nice symmetry between predicting survey 𝑆஻-time outcomes for households from 

survey 𝑆஺ and predicting survey 𝑆஺-time outcomes for households from survey 𝑆஻. 

Theorem 2 

If 𝑀 solves the maximisation problem of Theorem 1, then 𝑀ିଵ solves the mirror problem 

max
௄

 tr(𝐾𝐵),  subject to 𝐾𝐵𝐾் − 𝐴 = 0. 

Proof 

See the appendix 

Remarks 

 Moderately sized problems with nonlinear constraints can be readily solved using 

optimisation packages, often directly available on data analysis platforms such as R. 

Using the symmetry of 𝑀 almost halves the number of parameters that must be 

computed from 𝑘ଶ to 𝑘(𝑘 + 1)/2 and greatly increases the precision of the solution 

 The above reformulation as an unconstrained optimisation problem further reduces the 

number of parameters to 𝑘(𝑘 − 1)/2 and can be handled by Stata’s optimize package 

(which cannot solve the constrained problem because Stata only supports linear 

constraints) 

 Examples of R and Stata codes to solve the problem are available in the appendix 

4.5 Alternative objective function 

A potential disadvantage of the proposed objective function is that it makes the 

optimisation scale-dependent: the objective function 𝐸(𝑢஺)்𝑢෤஻ favours higher correlation in 

outcome components with higher (residual) variance. An alternative is to use residual 

correlation matrices instead of covariance matrices for 𝐴 and 𝐵 so that all individual 

outcomes have equal weight in the optimisation. This amounts to first standardising the 

individual residuals. However, the transformation matrix, when rescaled for application to 

the original residual tuples, will no longer be symmetric. 
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Denote by 𝐴‾ and 𝐵‾  the correlation matrices implied by 𝐴 and 𝐵 and let 𝛴஺ and 𝛴஻ be diagonal 

matrices with the diagonals of 𝐴 and 𝐵 on the diagonals, then we have 

𝐴‾ = 𝛴஺
ିଵ/ଶ

𝐴𝛴஺
ିଵ/ଶ

,  and 𝐵‾ = 𝛴஻
ିଵ/ଶ

𝐴𝛴஻
ିଵ/ଶ

. 

Further, let 𝑀‾  solve 

max
ெ‾

 tr(𝑀‾ 𝐴‾),  subject to 𝑀‾ 𝐴‾𝑀‾ ் − 𝐵‾ = 0. 

Then it can be verified that 𝑀 = 𝛴஻
ଵ/ଶ

𝑀‾ 𝛴஺
ିଵ/ଶ satisfies the constraints of the non-

standardised problem, 

𝑀𝐴𝑀் = 𝐵, 

so that 𝑀 can be used for generating mimimum-mobility residuals 𝑒̃஻. In general, while (by 

Theorem 1) 𝑀‾  is symmetric, 𝑀 is not. 

4.6 Example 

Consider the following artificial example with 𝑘 = 3 outcomes. The residual covariance 

matrices resulting from the SURE regressions are 

𝐴መ = ൭
1.1 −0.5 0.1

−0.5 0.8 −0.2
0.1 −0.2 0.9

൱ and 𝐵෠ = ൭
1.7 −0.6 0.5

−0.6 0.9 −0.3
0.5 −0.3 1.3

൱. 

Using covariance matrices directly 

The matrix 𝑀 that maximises 𝐸(𝑒஺)்𝑢෤஻ = 𝐸(𝑢஺)்𝑀𝑒஺ while satisfying the condition 

𝑀𝐴መ𝑀் = 𝐵෠  is 

𝑀 = ൭
1.24416 0.0495664 0.154716

0.0495664 1.09403 0.0144809
0.154716 0.0144809 1.17669

൱. 

As one can verify, 𝑀 is symmetric and positive definite. 

Ignoring the changes in within residual-tuple correlation between surveys 𝑆஺ and 𝑆஻ and only 

adjusting the variances of error components would result in transformation matrix 

𝑀alt = 𝛴஻
ଵ/ଶ

𝛴஺
ିଵ/ଶ

= ൭
1.24316 0. 0.

0. 1.06066 0.
0. 0. 1.20185

൱, 

where 𝛴஺ and 𝛴஻ denote, as before, the diagonal matrices consisting of the diagonals of 𝐴መ 

and 𝐵෠ . The corresponding covariance matrix of transformed residuals 𝑀alt𝑢
஺ is 

𝑀alt𝐴መ𝑀alt
் = ൭

1.7 −0.659287 0.14941
−0.659287 0.9 −0.254951

0.14941 −0.254951 1.3
൱ ≠ 𝐵෠  

which can be seen to have the right variances on the diagonal but the wrong covariances. 

Another alternative transformation matrix that does solve the constraint equation (and 

which is easily computed) is 
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𝑀alt = 𝐵෠ଵ/ଶ𝐴መିଵ/ଶ = ൭
1.2657 0.105618 0.171363

0.0191472 1.06984 −0.0102359
0.165832 0.0560918 1.18501

൱. 

Note that it is not symmetric. Using this alternative carries a slight cost in terms of the 

objective function: tr൫𝑀𝐴መ൯ =3.27841 > tr൫𝑀alt𝐴መ൯ =3.27681. Of course, the cost may be 

greater in real contexts. 

Using correlation instead of covariance matrices 

If we use the alternative objective function then covariances are first converted to the 

corresponding correlation matrices: 

𝐴‾ = ൭
1. −0.533002 0.100504

−0.533002 1. −0.235702
0.100504 −0.235702 1.

൱  and 

 𝐵‾ = ൭
1. −0.485071 0.336336

−0.485071 1. −0.27735
0.336336 −0.27735 1.

൱. 

The transformation matrix 𝑀‾  that maximises the objective in terms of standardised 

residuals while satisfying 𝑀‾ 𝐴‾𝑀‾ ் = 𝐵‾  is 

𝑀‾ = ൭
1.00375 0.0459271 0.128197

0.0459271 1.02603 0.00992809
0.128197 0.0099281 0.981895

൱. 

Rescaling this matrix in terms of the original, non-standardised, residuals gives 

𝑀alt = 𝛴஻
ଵ/ଶ

𝑀‾ 𝛴஺
ିଵ/ଶ

= ൭
1.24782 0.0669497 0.17619

0.0415427 1.08827 0.00992809
0.139365 0.0126559 1.18009

൱. 

Note that this matrix is no longer symmetric. The objective function tr൫𝑀alt𝐴መ൯ = 3.27809 is 

again slightly below the optimal value reached above for the untransformed residuals. 
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5 Results 
In this section we examine our mobility estimates and compare these to estimates obtained 

directly from the NPS panel data. We focus on the main advantages and disadvantages of 

examining multidimensional poverty dynamics built up from transition dynamics of multiple 

indicators separately, versus the dynamics of the aggregate multidimensional score, and we 

analyse the methodological and empirical differences. 

5.1 Transition dynamics of multiple welfare indicators versus single vector 

Table 3 and Figure 1, panels (a) and (b), show the predicted transition rates for 

multidimensional poverty obtained through (a) the single vector aggregate multidimensional 

score, and (b) the three vectors of health, nutrition, and education deprivations predicted 

jointly and later aggregated into a multidimensional poverty variable in year 2. Households 

are considered poor if they are deprived in half or more of weighted deprivations – in this 

case, two or more deprivations.  

The figure shows that the multiple vector approach yields more accurate predictions, in the 

sense that the predicted bounds of the transition rates are more likely to encompass the 

true multidimensional poverty transition point estimates. The single vector approach fails to 

correctly predict the true transition rates for one out of four cases: non-poor to non-poor 

transition high mobility bound of (i.e. at least) 47% versus true transition rate of 44%. The 

multiple vector approach, on the other hand, correctly predicts the true transition rate in all 

four cases, in the sense that the prediction bounds include the true value. In all four cases, 

the bounds of the multiple vector predictions are narrower than the bounds of the single 

vector prediction. This is a key consideration when using the synthetic panel approach, as 

the usefulness of the prediction decreases with the breadth of the bounds. This is further 

evidence that the additional information added by using a multiple vector approach does 

enrich and enhance the predictions made through synthetic panels. 

Table 3: True and estimated transition dynamics of the multiple welfare indicator (%) 

k-cutoff=0.50 (2+ 
deprivations) 

Low mobility 
bound 
(single 
vector) 

High 
mobility 
bound 
(single 
vector) 

Low mobility 
bound 

(multiple 
vectors) 

High 
mobility 
bound 

(multiple 
vectors) 

True value 

Poor, poor 25.9 11.8 23.3 13.3 18.9 

Poor, non-poor 4.4 25.8 20.2 31.1 25.0 

Non-poor, poor 1.3 15.5 3.9 14.0 12.0 

Non-poor, non-poor 68.3 47.0 52.6 41.6 44.0 

Obs. 1,741 1,741 1,737 1,737 1,905 
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Figure 1: Multidimensional poverty dynamics: single versus multiple vector approach  

Single vector Multiple vectors 

  

(a) (b) 

Note: Multidimensional poverty cutoff set at 0.50. 

Source: Authors’ calculations. 

5.2 Transition dynamics with high correlation between dimensions 

The value-added of the multidimensional approach springs in large part from the additional 

information provided by each individual vector of deprivations, compared to the aggregate 

multidimensional poverty score, which combines this information into a single vector. The 

additional information, in turn, springs from the fact that the various deprivations are distinct 

from one another and therefore provide unique information about the welfare condition of 

the household. It also follows from this that the value-added of the multidimensional 

approach is likely to decrease the greater the correlation between the different deprivations 

composing the multidimensional poverty score. 

To explore this conjecture, we construct an artificial multidimensional poverty index with 

high correlation between two of the deprivation indicators. The artificial high-correlation 

indicator is constructed by simply taking the arithmetic average of the education and 

nutrition indicators. This artificial indicator replaces the nutrition indicator in the 

multidimensional index. This specific configuration was chosen because it does not require 

any normalisation of the indicators, nor any change in the selected deprivation cutoffs. 

However, the transformation could have been applied to any of the three dimensions and 

using any combination of indicators, with appropriate normalisations. 

The new high-correlation multidimensional index is thus composed of the following three 

indicators:  

1. Education: Years of completed education, as defined in Table 2 above. 
2. Health: Slept under a treated bed net, as per definition in Table 2 above. 
3. Combined education/nutrition indicator: Unweighted arithmetic mean of education 

and health indicators in Table 2. 
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Table 4 below shows the results for our artificial high-correlation case. The first thing to note 

is that the prediction seems to be slightly worse than in the original index, as the model 

misses the true transition value in one of the four cases – albeit by just 0.5 percentage 

points (non-poor to non-poor: 45.4% high mobility bound versus 44.9% true value). 

Second, the results show that the predictions remain more accurate and the bounds 

narrower than for the aggregate single vector multidimensional score. The single vector 

model misses the real non-poor to non-poor transition rate by 2.1 points (high mobility 

bound of 47.0% versus true value of 44.9%), and the bounds are up to twice as wide as for 

the multiple vector approach. 

This shows that, although the value-added of the multidimensional approach diminishes as 

the correlation between deprivations increases, it does not disappear completely so long as 

distinct information is conveyed by the separate deprivation indicators. In fact, the 

aggregate single vector multidimensional score would be equivalent to the special case in 

which all three deprivation indicators were perfectly correlated between each other, and 

therefore conveyed no additional information compared to the single vector aggregate 

score.  

Table 4: True and estimated transition dynamics of the multiple welfare indicator – high 
correlation case (%) 

 

Low mobility 
bound 
(single 
vector) 

High 
mobility 
bound 
(single 
vector) 

Low mobility 
bound 

(multiple 
vectors) 

High 
mobility 
bound 

(multiple 
vectors) 

True value 

Poor, poor 25.9 11.8 22.9 12.3 18.2 

Poor, non-poor 4.4 25.8 19.5 27.9 24.9 

Non-poor, poor 1.3 15.5 3.9 14.5 12.0 

Non-poor, non-poor 68.3 47.0 53.7 45.4 44.9 

Obs.  1,741 1,741 1,741 1,741 1,905 

5.3 Transition dynamics with different multidimensional poverty cutoffs 

This sub-section provides additional robustness checks, by reviewing the performance of 

the multidimensional synthetic panel method for different multidimensional poverty cutoffs, 

indicating the number of simultaneous deprivations a household has to suffer to be 

considered multidimensionally poor. The two cases explored here are where (a) households 

suffer at least one deprivation (corresponding to multidimensional poverty cutoff k=0.3), and 

(b) households experience deprivations in all three indicators of wellbeing simultaneously (k-

cutoff=0.7). The first case corresponds to what is known in the multidimensional literature 

as the union case, meaning that a household is considered poor if it is deprived in any one 

indicator of wellbeing. The second case corresponds to the intersection case, in which a 

household is multidimensionally deprived only if it suffers deprivations in all dimensions of 

wellbeing simultaneously (Alkire and Foster, 2011). As these are corner cases, they are likely 
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to concern relatively few households, making predictions more difficult due to curvatures in 

the distribution. 

The results in Table 5 show that for the union case (k=0.3), the true values of the transition 

rates remain within the predicted bounds in three out of four cases. The model fails to 

predict the non-poor to non-poor transition, giving a high mobility bound predicted value that 

is 0.3 percentage points above the true transition rate (6.3% instead of 6.0%). However, the 

multiple vector prediction remains more accurate than for the aggregate single vector 

multidimensional score, which misses all four transition rates by wide margins. 

For the intersection case (three simultaneous deprivations), the model struggles even more 

because of the small number of households concerned. Here, the multiple vector model 

prediction misses the true transition value in two out of four cases, meaning that the true 

value falls outside of the predicted bounds. Here, again, the multiple vector approach 

outperforms the single vector model, which misses all four predictions, sometimes by wide 

margins.  

The evidence presented in this sub-section suggests that the multidimensional approach 

might be particularly valuable in difficult prediction cases, such as the ones presented here, 

in which multidimensional poverty rates are either very high or very low.  

Table 5: True and estimated transition dynamics of the multiple welfare indicator, for different k-
cutoffs (%) 

  
Low mobility 
bound (single 

vector) 

High mobility 
bound (single 

vector) 

Low mobility 
bound 

(multiple 
vectors) 

High mobility 
bound 

(multiple 
vectors) 

True value 

1+ deprivations 
(k=0.3) 

     

Poor, poor 62.9 47.5 71.40 64.50 69.40 

Poor, non-poor 0 11.1 12.80 16.10 15.40 

Non-poor, poor 14.7 30.1 6.20 13.10 9.20 

Non-poor, non-poor 22.4 11.3 9.70 6.30 6.00 

3 deprivations 
(k=0.7) 

     

Poor, poor 0.6 0.1 0.60 0.00 0.00 

Poor, non-poor 17.9 9.9 2.20 3.90 0.90 

Non-poor, poor 0.1 0.6 0.10 0.60 0.60 

Non-poor, non-poor 81.4 89.4 97.10 95.50 98.40 

Obs. 1,741 1,741 1,737 1,737 1,905 

5.4 Transition dynamics for each dimension of wellbeing  

This sub-section looks at transition rates for each dimensional indicator of wellbeing 

included in the multidimensional index. In the single-dimensional case, each dimension of 

wellbeing is predicted separately, using a standard ordinary least squares (OLS) regression. 

In the multidimensional case, the dimensional transition rates are estimated as a byproduct 
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of the joint SURE estimation. It is not a priori clear which method would be more 

advantageous for predicting dimensional transition rates.  

The results presented in Table 6 show that the multidimensional model correctly predicts 

transition rates for individual wellbeing indicators in 10 out of 12 cases, meaning that the 

true transition rate falls within predicted bounds. The two misses can be considered near-

misses, as they miss their target by just 0.5 percentage points (poor to non-poor nutrition: 

3.0% lower bound instead of 2.5%; and non-poor to poor nutrition: 94.9% low mobility bound 

instead of 95.4%). 

The single indicator prediction, which predicts each indicator separately using a standard 

OLS regression, misses the predictions in just one case: non-poor to poor transitions for the 

health indicator (high mobility bound prediction of 16.3% versus a true transition rate of 

16.5%). On the other hand, the single vector predictions tend to have significantly wider 

bounds than the multiple vector predictions. This lowers the accuracy of the prediction, but 

mechanically increases the chances that the true transition rate will be included within the 

prediction bounds.  

High mobility bound predictions are the same for the OLS and SURE estimations, whereas 

the lower-bound predictions differ. This may reflect the fact that dimensional residuals are 

not normally distributed, or that transition rates are too small to get significant differences. 

The findings do not show any clear disadvantage in using the multidimensional SURE 

method to estimate dimensional transition rates, compared to the standard approach in 

which each dimension is predicted separately.  

Table 6: True and estimated transition dynamics of each welfare indicator (%) 

  
Low mobility 
bound (single 

vector) 

High mobility 
bound (single 

vector) 

Low mobility 
bound 

(multiple 
vectors) 

High mobility 
bound 

(multiple 
vectors) 

True value 

NUTRITION      

Poor, poor 1.6 0.1 1.8 0.1 0.4 

Poor, non-poor 0.5 4.4 3 4.4 2.5 

Non-poor, poor 0.4 1.9 0.3 1.9 1.7 

Non-poor, non-
poor 

97.4 93.6 94.9 93.6 95.4 

Obs. 1,741 1,741 1737 1737 1905 

HEALTH      

Poor, poor 31.6 21.5 30.3 18.8 25.1 

Poor, non-poor 14 33.8 14.6 29.3 25.1 

Non-poor, poor 6.2 16.3 7.6 19 16.5 

Non-poor, non-
poor 

48.2 28.3 47.6 32.9 33.3 

Obs. 1,741 1,741 1737 1737 19052 

EDUCATION      

Poor, poor 61.4 51.5 61.6 53.4 56.3 
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Low mobility 
bound (single 

vector) 

High mobility 
bound (single 

vector) 

Low mobility 
bound 

(multiple 
vectors) 

High mobility 
bound 

(multiple 
vectors) 

True value 

Poor, non-poor 13.6 22.5 19.2 22.9 20.4 

Non-poor, poor 4.2 14.1 4.1 12.2 10.2 

Non-poor, non-
poor 

20.7 11.8 15.2 11.5 13.1 

Obs. 1,741 1,741 1,737 1,737 1,905 

5.5 Transition dynamics for overlapping deprivations  

In the multidimensional approach, it is not only interesting to know how many people are 

poor: it is also interesting to understand what sort of deprivations people are experiencing 

and how these deprivations overlap.  

Because the multiple vectors approach allows for the decomposition of the 

multidimensional poverty index into its various components, it allows us to analyse the 

dynamics of overlapping deprivations. Table 7 below shows the predicted and actual 

transition rates for the overlap between the three indicators of wellbeing included in the 

multidimensional index.  

The prediction rates are fairly poor for the pairs of deprivations that overlap with nutrition 

(five out of eight misses). This could be due to the small number of people experiencing 

nutrition deprivations, and even smaller numbers experiencing nutrition deprivations 

combined with something else. As noted above, predictions become challenging in the tail 

ends of the distribution, when very few or very many households experience deprivations.  

Nonetheless, predictions are generally in the right order of magnitude, missing true 

transition rates by around 1 percentage point or less in all cases. Furthermore, transition 

rates for the combined education/health deprivations are accurate, falling within predicted 

bounds in all four cases. In addition, it is important to remember that, however poor, these 

predictions are a net improvement on the single vector approach, which does not allow for 

any predictions of deprivation overlaps.  

Table 7: True and estimated transition dynamics for overlapping deprivations (%) 

  
Low mobility bound 
(multiple vectors) 

High mobility bound 
(multiple vectors) True value 

NUTRITION / EDUCATION    

Poor, poor 0.70 0.00 0.00 

Poor, non-poor 2.40 4.10 1.10 

Non-poor, poor 0.10 0.80 1.00 

Non-poor, non-poor 96.70 95.00 97.90 

Obs. 1,741 1,741 1,905 

NUTRITION/ HEALTH    

Poor, poor 1.30 0.10 0.20 

Poor, non-poor 3.00 4.10 2.10 
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Low mobility bound 
(multiple vectors) 

High mobility bound 
(multiple vectors) 

True value 

Non-poor, poor 0.20 1.40 1.20 

Non-poor, non-poor 95.50 94.50 96.50 

Obs. 1,741 1,741 1,905 

EDUCATION /HEALTH    

Poor, poor 22.40 12.60 17.60 

Poor, non-poor 19.30 31.30 24.70 

Non-poor, poor 3.90 13.60 12.10 

Non-poor, non-poor 54.50 42.50 45.50 

Obs. 1,741 1,741 1,905 

5.6 Discussion and conclusion 

This paper brings together two strands of literature that have been growing in importance 

over recent decades. On the one hand, there is the literature on synthetic panels, which has 

enabled the study of poverty dynamics in developing countries, where standard panel data 

tend to be rare and costly. On the other hand, the literature on multidimensional poverty has 

enabled a richer and more nuanced understanding of the nature of poverty affecting poor 

households in contexts where markets may be underdeveloped and financial barriers may 

be but one of many obstacles preventing people from achieving their full potential.  

Until now, the study of poverty dynamics using synthetic panels had focused exclusively on 

unidimensional analyses of monetary poverty. This may be due to the fact that extension to 

the multidimensional case considerably increases the complexity of the analysis due to 

multiple interactions between each of the dimensions of wellbeing. However, this paper has 

tried to show that the extension of the synthetic panel methodology to multidimensional 

poverty is both possible and worthwhile.  

Indeed, our analysis shows that, using the case of a three-dimensional poverty index over 

two time periods, it is possible to improve the accuracy of predictions and reduce the width 

of predicted transition bounds by using the SURE approach, which takes into account the 

residual interactions between the indicators composing the multidimensional index. 

The extension of the synthetic panel approach to the multidimensional case is particularly 

relevant, since the most commonly used multidimensional poverty indexes, such as the 

United Nations Development Programme’s (UNDP’s) Multidimensional Poverty Index (MPI) 

and UNICEF’s Multiple Overlapping Deprivations Analysis (MODA), typically use cross-

sectional household surveys, such as the Multiple Indicators Cluster Surveys (MICS) or the 

Demographic Health Surveys (DHS). 

Further extensions of this basic case can be envisaged, to improve its practical applicability 

to the type of cases encountered in multidimensional poverty analyses. In particular, the 

method can be extended to cover discrete or binary variables, such as those typically used in 

multidimensional poverty indices. Another possible extension would involve using a 
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Structural Equation Model (SEM), reflecting the nature of multidimensional poverty as a 

latent variable that is influenced by observable wellbeing indicators.  
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Appendix 
In this appendix we prove the theorems set out Section 4. In the proofs we disregard 

possible singularity of matrices. Generically, in actual contexts, the matrices are non-

singular while, in our methods, there is no mechanism that results, by design, in singular 

matrices. In addition, results are continuous functions of input matrices and singularity 

cases can therefore be handled as limits of non-singular matrices. Throughout we consider 

only square 𝑘 × 𝑘 matrices. 

Theorem 1 

Consider the maximisation problem 

max
ெ

 tr(𝑀𝐴),  subject to 𝑀𝐴𝑀் − 𝐵 = 0, 

where 𝐴 and 𝐵 are 𝑘 × 𝑘 symmetric and positive definite matrices and 𝑀 must be chosen 

from 𝑘 × 𝑘 matrices. 

(i) 𝑀 is a solution to the constraint equations 𝑀𝐴𝑀் − 𝐵 = 0 if and only if it can be 
written in the form 

𝑀 = 𝐵ଵ/ଶ𝐻𝐴ିଵ/ଶ, 

  where 𝐻 is a 𝑘 × 𝑘 orthogonal matrix 
 

(ii) A solution 𝑀 to the maximisation problem is symmetric, positive definite, and unique 
 

(iii) A solution 𝑀 to the problem has the form 

𝑀 = 𝐵ଵ/ଶ𝑒ௌ𝐴ିଵ/ଶ, 

  where S solves the unconstrained nonlinear optimisation problem 

max
ௌ

{tr൫𝐵ଵ/ଶ𝑒ௌ𝐴ଵ/ଶ൯|𝑆 skew symmetric}. 

(iv) If 𝑀 = 𝐵ଵ/ଶ𝑒ௌ𝐴ିଵ/ଶ is symmetric for some skew-symmetric matrix 𝑆 then 𝑀 solves 
the constrained maximisation problem. 

Proof 

The proof is a corollary of the slightly more general propositions stated below. We use the 

following without proof or reference. 

 A (square) matrix 𝑆 is called skew-symmetric if 𝑆 = −𝑆். The diagonal entries of a skew 

symmetric matrix are zero 

 Matrix 𝐻 is called orthogonal if 𝐻𝐻் = 𝐻்𝐻 = 𝐼. Orthogonal matrices have determinant 

+1 or −1. If 𝐻 and 𝐾 are orthogonal, then 𝐻𝐾 is also orthogonal 
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 An orthogonal matrix 𝐻 with determinant +1 can be written as matrix exponential 𝐻 = 𝑒ௌ 

for some (not unique) skew-symmetric matrix 𝑆. Conversely if 𝑆 is skew-symmetric then 

𝑒ௌ is orthogonal with determinant +1 

 The matrix exponential 𝑒[଴] of the zero matrix is the identity matrix 

 The set of orthogonal matrices will be denoted Θ, the set of orthogonal matrices with 

determinant +1 is denoted by 𝑆Θ 

We will call a matrix 𝑀 positive definite if all its eigenvalues are positive. If, in addition, 𝑀 is 

symmetric we mention it explicitly. For both types 𝑥்𝑀𝑥 > 0 if 𝑥 is a non-zero vector. The 

dimension of all matrices is 𝑘 × 𝑘, commensurate with the number of outcomes 𝑘. 

Lemma 

Matrix 𝑀 is symmetric if and only if tr(𝑆𝑀) = 0 for all 𝑘 × 𝑘 skew-symmetric matrices 𝑆. 

Proof 

Let 𝑀 be symmetric and 𝑆 skew-symmetric, then 

tr(𝑆𝑀) = ෍ 𝑆௜௝

௜௝

𝑀௝௜ = ෍ 𝑆௜௝

௜ழ௝

𝑀௝௜ + ෍ 𝑆௜௝

௜வ௝

𝑀௝௜ 

                          = ∑ ൫𝑆௜௝𝑀௝௜ + 𝑆௝௜𝑀௜௝൯௜ழ௝ = ∑ 𝑆௜௝௜ழ௝ ൫𝑀௝௜ − 𝑀௜௝൯=0, 

using skew-symmetry of 𝑆 and symmetry of 𝑀 in the last step. 

Conversely, let tr(𝑆𝑀) = 0 for all 𝑘 × 𝑘 skew-symmetric matrices. We must show that 𝑀௜௝ =

𝑀௝௜ for arbitrary 𝑖 < 𝑗. Choose for 𝑆 the zero matrix, except that 𝑆௜௝ = −𝑆௝௜ = 1. Then 𝑆 is 

skew symmetric, and tr(𝑆𝑀) = 𝑀௝௜ − 𝑀௜௝ = 0. QED. 

Proposition 1 

Let 𝑀 be a non-singular matrix. Then 𝐻෡ = argmax
ு∈஀

tr(𝐻𝑀) if and only if 𝐻෡ is orthogonal and 

𝐻෡𝑀 is symmetric and positive definite. 

Proof of necessity 

Assume that 𝐻෡ = argmax
ு∈஀

tr(𝐻𝑀). 

𝐻෡ is orthogonal by assumption. We first prove that 𝐻෡𝑀 is symmetric. 

Let 𝑆 be an arbitrary skew-symmetric matrix and define 𝐻(𝑡) = 𝑒௧ௌ𝐻෡ for real-valued 𝑡. Then 

𝑡𝑆 is skew-symmetric, 𝑒௧ௌ is orthogonal and 𝐻(𝑡) is orthogonal as product of orthogonal 

matrices. Moreover 𝐻(0) = 𝐻෡. We have 

𝑑

𝑑𝑡
𝑒௧ௌ =

𝑑

𝑑𝑡
෍

𝑡௡𝑆௡

𝑛!

ஶ

௡ୀ଴

= ෍ 𝑛

ஶ

௡ୀଵ

𝑆
𝑡௡ିଵ𝑆௡ିଵ

𝑛(𝑛 − 1)!
= 𝑆𝑒௧ௌ. 
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Hence ௗ

ௗ௧
𝑒௧ௌ|௧ୀ଴ = 𝑆. Since 𝐻(0) = 𝐻෡ maximises tr(𝐻𝑀) among otrhogonal matrices, 

𝑑

𝑑𝑡
tr൫𝑒௧ௌ𝐻෡𝑀൯|௧ୀ଴ = tr൫𝑆𝐻෡𝑀൯ = 0. 

Recall that skew-symmetric 𝑆 was chosen arbitrarily. It follows that tr൫𝑆𝐻෡𝑀൯ = 0 for all 

skew-symmetric matrices 𝑆 and hence, by the Lemma, that 𝐻෡𝑀 is symmetric. 

Next we prove that 𝐻෡𝑀 is positive definite. By symmetry 𝐻෡𝑀 can be written as 𝐻෡𝑀 = 𝑄𝛥𝑄் , 

with orthogonal 𝑄 and diagonal matrix of eigenvalues 𝛥. Hence 

tr൫𝐻෡𝑀൯ = ෍ 𝛥௜௜

௜

≤ ෍ |𝛥௜௜|

௜

. 

Let 𝐾 be a diagonal matrix with 𝐾௜௜ = sign(𝛥௜௜). Then 𝐾 is orthogonal and 

tr൫𝑄𝐾𝑄்𝐻෡𝑀൯ = tr(𝑄𝐾𝛥𝑄்) = tr(𝐾𝛥) = ෍ |𝛥௜௜|

௜

. 

Note that 𝑄𝐾𝑄்𝐻෡ ∈ 𝑂 and by assumption 𝐻෡ maximises tr(𝐻𝑀) over Θ. Therefore 

෍ |𝛥௜௜|

௜

≤ tr൫𝐻෡𝑀൯ = ෍ 𝛥௜௜

௜

≤ ෍ |𝛥௜௜|

௜

. 

It follows that 𝛥௜௜ = |𝛥௜௜|, and therefore that all eigenvalues of tr൫𝐻෡𝑀൯ are positive. QED. 

Corollary 

If det(𝑀) > 0 and 𝐻෡ = argmax
ு∈஀

tr(𝐻𝑀) then det൫𝐻෡൯ = +1. 

Proof of the corollary 

𝐻෡𝑀 is positive definite and symmetric, hence det൫𝐻෡𝑀൯ > 0. Since det(𝑀) > 0, det൫𝐻෡൯ must 

be positive as well. And because 𝐻෡ is orthogonal its determinant must be +1. 

Proof of sufficiency 

Assume that 𝐻෡ is orthogonal and 𝐻෡𝑀 is symmetric and positive definite. Then 𝐻෡𝑀 = 𝑃𝛬𝑃் 

for some diagonal matrix 𝛬 with positive entries on the diagonal and 𝑃 orthogonal. 

max
ு∈஀

tr(𝐻𝑀) = max
ு∈஀

tr൫𝐻 𝐻෡୘𝐻෡𝑀 ൯ 

𝐾 = 𝐻𝐻෡் spans the set of orthogonal 𝑘 × 𝑘 matrices: ൛𝐻𝐻෡்ห𝐻 ∈ 𝑂} = 𝑂. So max
ு∈஀

tr(𝐻𝑀) =

max
௄∈஀

tr൫𝐾𝐻෡𝑀 ൯. We must show that 𝐾 = 𝐼 solves the last maximisation problem. We have 

max
௄∈஀

tr൫𝐾𝐻෡𝑀 ൯ = max
௄∈஀

tr(𝐾𝑃Λ𝑃் ) = max
௄∈஀

tr(𝑃்𝐾𝑃Λ ) = max
௄∈஀

tr(𝐾Λ ), 

because 𝑃்𝐾𝑃 spans Θ if 𝐾does so. But 

max
௄∈஀

tr(𝐾Λ ) = max
௄∈஀

෍ 𝐾௜௜ Λ௜௜ ≤ ෍ Λ௜௜ 
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because 𝐾௜௜ ≤ 1 and 𝛬௜௜ > 0. As before, the maximum is achieved if 𝐾௜௜ = 1 for all 𝑖, which 

implies that 𝐾 = 𝐼. QED 

Proposition 2 

Let 𝑀 be non-singular and 𝐻෡ solve max
ு∈஀

tr(𝐻𝑀). Then 𝐻෡ is unique. 

Proof 

Let 𝐻෡𝑀 = 𝑄𝛥𝑄் as before. Proposition 1 established that the entries on the diagonal of 𝛥 

are positive. Let 𝐾Θ𝑂 and tr(𝐾𝑀) = tr൫𝐻෡𝑀൯. We have 𝐾𝑀 = 𝐾𝐻෡்𝐻෡𝑀 = 𝐾𝐻෡்𝑄𝛥𝑄் and 

tr(𝐾𝑀) = ෍ 𝛥௜௜

௜

൫𝑄்𝐾𝐻෡்𝑄൯
௜௜

≤ ෍ 𝛥௜௜

௜

, 

since ൫𝑄்𝐾𝐻෡்𝑄൯ is orthogonal so that ቚ൫𝑄்𝐾𝐻෡்𝑄൯
௜௜

ቚ ≤ 1. The upper bound is achieved if and 

only if ൫𝑄்𝐾𝐻෡்𝑄൯
௜௜

= 1, implying that 𝑄்𝐾𝐻෡்𝑄 = 𝐼 and therefore that 𝐾 = ൫𝐻෡்൯
ିଵ

= 𝐻෡. QED 

Proof of Theorem 1 

Part (i) 

𝑀 is a solution to the constraint equations 𝑀𝐴𝑀் − 𝐵 = 0 if and only if it can be written in 

the form 

𝑀 = 𝐵ଵ/ଶ𝐻𝐴ିଵ/ଶ, 

where 𝐻 is an orthogonal matrix with the same dimensions as 𝐴 and 𝐵. 

Proof: 

Covariance matrices 𝐴 and 𝐵 are positive definite and matrix powers 𝐴ఈ and 𝐵ఈ are 

therefore well-defined. Multiply the constraint equation to the left and the right by 𝐵ିଵ/ଶ to 

get 

𝐵ିଵ/ଶ𝑀𝐴𝑀்𝐵ିଵ/ଶ − 𝐼 = ൫𝐵ିଵ/ଶ𝑀𝐴ଵ/ଶ൯൫𝐴ଵ/ଶ𝑀்𝐵ିଵ/ଶ൯ − 𝐼 = 0. 

Hence, if 𝑀 solves the constraint equation, 𝐻 = ൫𝐵ିଵ/ଶ𝑀𝐴ଵ/ଶ൯ is orthogonal while 𝑀 =

𝐵ଵ/ଶ𝐻𝐴ିଵ/ଶ. 

Conversely, if 𝐻 is orthogonal it can be verified that 𝑀 = 𝐵ଵ/ଶ𝐻𝐴ିଵ/ଶ solves the constraint 

equation. QED 

Part (ii) 

A solution 𝑀 to the problem is symmetric, positive definite, and unique. 

Proof: 
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If 𝑀 solves the constrained optimisation then tr(𝑀𝐴) = maxு ∈ைtr ቀ𝐵
భ

మ𝐻𝐴ି
భ

మ𝐴ቁ =

maxு ∈ைtr ቀ𝐻𝐴
భ

మ𝐵
భ

మቁ. By Proposition 2 a solution 𝐻෡ to maxு ∈஀tr ቀ𝐻𝐴
భ

మ𝐵
భ

మቁ is unique, hence 

𝑀 = 𝐵ଵ/ଶ𝐻෡𝐴ିଵ/ଶ is unique. Moreover, by Proposition 1 𝐻෡𝐴ଵ/ଶ𝐵ଵ/ଶ is positive definite and 

symmetric (PDsym). Pre- and post-multiplying by 𝐵ିଵ/ଶ results in PDsym matrix 𝐵ିଵ/ଶ𝐻෡𝐴ଵ/ଶ 

of which the inverse 𝐴ିଵ/ଶ𝐻෡்𝐵ଵ/ଶ and its transpose 𝐵ଵ/ଶ𝐻෡𝐴ିଵ/ଶ are again PDsym. The last 

expression equals 𝑀. QED. 

Part (iii) 

A solution 𝑀 to the constrained problem has the form 

𝑀 = 𝐵ଵ/ଶ𝑒ௌ𝐴ିଵ/ଶ, 

where S solves the unconstrained nonlinear optimisation problem 

max
ௌ

{tr൫𝐵ଵ/ଶ𝑒ௌ𝐴ଵ/ଶ൯|𝑆 skew symmetric}. 

Proof: 

By Proposition 2, 𝐻෡𝐴ଵ/ଶ𝐵ଵ/ଶ is positive definite and therefore has positive determinant. Also, 

det൫𝐴ଵ/ଶ𝐵ଵ/ଶ൯ > 0 because 𝐴 and 𝐵 are positive definite. Hence det൫𝐻෡൯ = +1 and 

argmax ு ∈஀tr ቀ𝐻𝐴
భ

మ𝐵
భ

మቁ =  argmax ு ∈ௌ஀tr ቀ𝐻𝐴
భ

మ𝐵
భ

మቁ. Since {𝑒^𝑆│𝑆 skew symmetric } = 𝑆Θ, 

max
ௌ

ቄtr ቀ𝐵
భ

మ𝑒ௌ𝐴
భ

మቁ ቚ𝑆 skew symmetric ቅ = max
ு∈஀

tr ቀ𝐵
భ

మ𝐻𝐴
భ

మቁ . QED 

Part (iv) 

If 𝑀 = 𝐵ଵ/ଶ𝑒ௌ𝐴ିଵ/ଶ is symmetric and positive definite for some skew-symmetric matrix 𝑆 

then 𝑀 solves the constrained maximisation problem. 

Proof: 

This is a direct consequence of the sufficiency part of Proposition 1, using a similar 

argument as in the proof of part (ii). 

Theorem 2 

If 𝑀 solves the maximisation problem of Theorem 1, then 𝑀ିଵ solves the mirror problem 

max
௄

tr(𝐾𝐵),  subject to 𝐾𝐵𝐾் − 𝐴 = 0. 

Proof 

Let 𝑀෡  solve maxெtr(𝑀𝐴),  subject to 𝑀𝐴𝑀் − 𝐵 = 0. Since 𝐴 and 𝐵 are non-singular, matrix 

𝑀 satisfying the constraint equations must be non-singular as well and 𝑀𝐴 = 𝐵(𝑀்)ିଵ. 

Hence 

max
ெ

ቄtr(𝑀𝐴) ቚ 𝑀𝐴𝑀் − 𝐵 = 0} = max
ெ

{tr(𝐵(𝑀்)ିଵ) ቚ 𝑀ିଵ𝐵(𝑀்)ିଵ − 𝐴 = 0ቅ 
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  = max
௄

{tr(𝐾𝐵) | 𝐾𝐵𝐾் − 𝐴 = 0}.  

The last step follows because 𝑀ିଵ spans the set of non-singular 𝑘 × 𝑘 matrices if 𝑀 does 

so, and tr(𝐵𝐾) = tr(𝐾𝐵). Note that the same maximum trace is reached in both the original 

and the mirror problems, that 𝑀෡ିଵ satisfies the constraints of the mirror problem, and that 

tr൫𝑀෡𝐴൯ = tr ቀ𝐵൫𝑀෡்൯
ିଵ

ቁ = tr൫𝑀෡ିଵ𝐵൯. By unicity (from Theorem 1) it then follows that 

𝑀෡ିଵ = argmax௄{tr(𝐾𝐵) | 𝐾𝐵𝐾் − 𝐴 = 0}. 

QED. 

R and Stata codes 

In this section we provide an outline for R and Stata codes to solve the problem of finding a 

solution to the constrained maximisation. The R code solves the constrained problem 

directly, as well as the unconstrained problem in statement (iii) of Theorem 1, while the Stata 

code only solves the unconstrained problem. The Stata solution is very precise and the 

optimal transformation matrix is symmetric to 8 digits, matching the R solution to the 

constrained problem (where symmetry is imposed) very closely. Essentially the same code 

in R leads to the same objective value (tr(𝑀𝐴)) but there are small differences from the 

constrained solution. Symmetry can be enhanced by employing statement (iv) of Theorem 1: 

first getting close to the solution by maximising tr൫𝐵ଵ/ଶ𝑒ௌ𝐴ଵ/ଶ൯ to make sure that 𝐵ଵ/ଶ𝑒ௌ𝐴ଵ/ଶ 

is positive definite and then minimising (to zero) deviations from symmetry. This approach 

is used in the R code below. 

The unconstrained optimisation uses the matrix exponential 𝑒ௌ for skew-symmetric 

matrices 𝑆 which could pose numerical problems for large values of 𝑘 (the dimension of the 

outcome vector). Although these are unlikely to occur in the context of multidimensional 

poverty indicators, we refer to Cardoso and Silva Leite (2010) in regard to handling such 

cases. 

R code 

matA <- matrix(c(6.84610875, 0.04090163, 0.07378639, 
   0.04090163, 2.70277399, 0.05251536, 
   0.07378639, 0.05251536, 0.10356700),ncol=3) 
 
matB <- matrix( 
 c(9.246907608, -0.003244549, 0.003673252, 
   -0.003244549, 1.783659072, 0.055963760, 
   0.003673252, 0.055963760, 0.084643731),ncol=3) 
 
cormatA <- cov2cor(matA) 
cormatB <- cov2cor(matB) 
 
findMsymmetric <- function(matA,matB){ 
 require(MASS) 
 require(NlcOptim) 
  
 stopifnot(dim(matA)==dim(matB)) # matrices must be commensurate 
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 stopifnot(dim(matA)[1]==dim(matA)[2]) # matrices must be square  
  
 stopifnot(eigen(matA)$values > 0,  
      eigen(matB)$values > 0) # matrices must be positive definite 
 dm <- dim(matA)[1] # matrices must be positive definite 
  
 # from M to x (x has lower triangular elements of M) 
 M2x <- function(sqsymmat){ 
  n <- dim(sqsymmat)[1] 
  loQ <- as.logical(lower.tri(sqsymmat,diag=T)) 
  return(sqsymmat[loQ]) 
 } 
  
 # from x to M (reconstruct M from x) 
 x2M <- function(x){ 
  m <- length(x) 
  n <- sqrt(8*m+1)/2 - 1/2 
  stopifnot(round(n)==n) # x not of compatible size 
  # reconstruct M from x 
  mat <- diag(n) 
  loQd <- as.logical(lower.tri(mat,diag=T)) 
  upQnd <- as.logical(upper.tri(mat,diag=F)) 
  mat[loQd] <- x 
  mat[upQnd] <- t(mat)[upQnd] 
  mat 
 } 
  
  
 #objective function 
 critvec <- as.numeric(matA) # i.e. vec(A) 
  
 objf <- function(x){ # to be minimized! 
  longx <- as.numeric(x2M(x)) # vec of matrix reconstructed from x 
  return(as.numeric(-critvec %*% longx)) # minus, because solnl() is a mini
mizer 
 } 
  
 #constraints function 
  
 constrs <- function(x) { 
  mat <- x2M(x) 
  loQ <- as.logical(lower.tri(mat,diag=T)) 
  mat <- as.numeric(mat %*% matA %*% t(mat) - matB) 
  mat[loQ] 
 } 
  
  
 constr <- function(x){ 
  return(list(ceq = constrs(x),c=NULL)) 
 } 
  
 # initial value 
 s2A <- diag(matA) 
 s2B <- diag(matB) 
  
  
 x0 <- M2x(diag(sqrt(s2B / s2A))) 
  
 # call optimizer solnl 
 solution <- solnl(X=x0,objfun=objf,confun=constr) 
  
 # process solution 
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 matM<- matrix(x2M(solution$par),nrow=dm) 
 fnval <- sum(diag(matM %*% matA)) # same as solution$fn, but with opposite 
sign 
  
 # check constraints 
 cn <- matM %*% matA %*% t(matM) - matB # should be zero 
  
 return(list(solution=solution,M=matM,funval=fnval,constraints = cn)) 
  
} 
 
 
findMunconstrained <- function(matA,matB){ 
 require(expm) 
  
 stopifnot(dim(matA)==dim(matB)) # matrices must be commensurate 
 stopifnot(dim(matA)[1]==dim(matA)[2]) # matrices must be square  
  
 stopifnot(eigen(matA)$values > 0,  
      eigen(matB)$values > 0) # matrices must be positive definite 
 dm <- dim(matA)[1] # matrices must be positive definite 
  
 tr <- function(mat){ 
  sum(diag(mat)) 
 } 
  
 sksymmat <- function(x){ 
  n <- 1/2*dm*(dm-1) 
  mat <- 0*matA 
  loQ <- as.logical(lower.tri(mat,diag=F)) 
  upQ <- as.logical(upper.tri(mat,diag=F)) 
  mat[loQ] <- -x 
  mat[upQ] <- -t(mat[loQ]) 
  return(mat) 
 } 
  
 rootA <- sqrtm(matA) 
 rootB <- sqrtm(matB) 
 rootAB <- rootA %*% rootB 
  
 critfun <- function(x){ 
  exps <- expm(sksymmat(x)) 
  tr(exps %*% rootAB) 
 } 
   
 critfun2 <- function(x){ 
  exps <- expm(sksymmat(x)) 
  mmat <- rootB%*%exps%*%solve(rootA) 
  v <- as.numeric(mmat-t(mmat)) 
  sqrt(as.numeric(v^T%*%v)) 
 } 
  
 inix <- c(0,0,0) 
 rslt <- optim(inix,critfun,control=list(fnscale=-1)) 
 rslt <- optim(rslt$par,critfun2) 
  
 bestsmat <- sksymmat(rslt$par) 
 matM <- rootB %*% expm(bestsmat,method='R_Eigen') %*% solve(rootA) 
 fv <- tr(matM %*% matA) 
 cns <- matM %*% matA %*% t(matM) - matB 
 return(list(solution=rslt,M=matM,funval=fv,constraints = cns)) 
} 



STUDYING MULTIDIMENSIONAL POVERTY DYNAMICS: CAN SYNTHETIC PANEL METHODS HELP? 

© Data & Evidence to End Extreme Poverty  35 

 
# solution using covariance matrices 
 
constsol <- findMsymmetric(matA,matB) 
unconstsol <- findMunconstrained(matA,matB) 
 
constsol 
unconstsol 
 
# solution using correlation matrices 
 
constsolcor <- findMsymmetric(cormatA,cormatB) 
unconstsolcor <- findMunconstrained(cormatA,cormatB) 
 
MM <- constsolcor$M 
MM <- diag(sqrt(diag(matB))) %*% MM %*% diag(1/sqrt(diag(matA))) 
constsolcor$Mrescaled <- MM 
 
MM <- unconstsolcor$M 
MM <- diag(sqrt(diag(matB))) %*% MM %*% diag(1/sqrt(diag(matA))) 
unconstsolcor$Mrescaled <- MM 
 
constsolcor 
unconstsolcor 

Stata code 

/* Covariance matrices result from SURE regressions */ 
 
matrix VA = /// 
(6.84610875, 0.04090163, 0.07378639 \ /// 
0.04090163, 2.70277399, 0.05251536 \ /// 
0.07378639, 0.05251536, 0.10356700) 
 
matrix VB = /// 
(9.246907608, -0.003244549, 0.003673252 \ /// 
-0.003244549, 1.783659072, 0.055963760 \ /// 
0.003673252, 0.055963760, 0.084643731) 
 
// matrix list VA 
// matrix list VB 
 
// Enter mata for optimize() routine  
 
mata 
mata clear 
 
// get matrices from Stata  
 
VA = st_matrix("VA") 
VB = st_matrix("VB") 
 
CA = corr(VA) 
CB = corr(VB) 
 
// VA 
// VB 
// CA 
// CB 
 
// make skew-symmetric matrix  
function makesksmat(v){ 
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 n = 1/2 + sqrt(1 + 8*length(v))/2 
 assert(n == round(n)) 
 m = J(n,n,0) 
 ix = 1 
 for(i=1; i<=(n-1); i++){ 
  m[i,(i+1)..n] = v[ix..(ix+(n-i-1))] 
  ix = ix + (n-i) 
 } 
 m = m - m' 
 return(m) 
} 
 
// matrix exp function --- questionable?  
function expmat(m){ 
  V=. 
  lam=. 
  eigensystem(m,V,lam) 
  elam = exp(lam) 
  return(V*diag(elam)*V') 
} 
 
// objective function for optimization  
void objfun(todo,v,A,B,y,g,H){ 
  n = length(colnonmissing(A)) 
  assert(length(v)==n*(n-1)/2) 
  umat = Re(expmat(makesksmat((v)))) 
  mmat = matpowersym(B,1/2)*umat*matpowersym(A,1/2) 
  y = trace(mmat) 
} 
 
 
// get transformation matrix from optimal solution  
function getmfromv(v,A,B){ 
 umat = expmat(makesksmat(v)) 
 return(matpowersym(B,1/2)*umat*matpowersym(A,-1/2)) 
} 
 
// INITIALIZE AND CALL OPTIMIZER  
 
// 1. no consideration of scale  
 
S=optimize_init() 
optimize_init_evaluator(S,&objfun()) 
optimize_init_params(S,(0,0,0)) 
optimize_init_argument(S,1,VA) 
optimize_init_argument(S,2,VB) 
v=optimize(S) 
 
// Get transformation matrix from optimum and store result in stata matrix  
 
M = Re(getmfromv(v,VA,VB)) 
M 
 
// check constraints  
 
M*VA*M' - VB 
 
st_matrix("M",M) 
 
// 2. scaling-adjusted 
 
S=optimize_init() 
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optimize_init_evaluator(S,&objfun()) 
optimize_init_params(S,(0,0,0)) 
optimize_init_argument(S,1,CA) 
optimize_init_argument(S,2,CB) 
v=optimize(S) 
 
// Get transformation matrix for correlation matrices 
// and store result in stata matrix  
 
MS = Re(getmfromv(v,CA,CB)) 
 
// Adjust M to current scaling 
 
MS = diag(sqrt(diagonal(VB)))*MS*diag(sqrt(1:/diagonal(VA))) 
MS 
 
// check constraints  
 
MS*VA*MS' - VB 
 
st_matrix("MS",MS) 
 
end 
 
// Re-enter Stata  
 
// display transformation matrix  
 
// matrix list MMAT 
matrix list M 
matrix list MS 

 


